The supplier selection exercise is a critical factor towards the success of a company. This paper compares four different methods to support decision makers in selecting the most appropriate supplier. When using Fuzzy logic, the importance of each criterion gets influenced by the level of decomposition in the hierarchical model. Fuzzy logic does not have the capability to measure the level of consistency in the judgments provided by a decision maker. On the other hand, Analytic Hierarchy Process (AHP) cannot capture subjectivity (or fuzziness) of human judgments as the verbal assessments are converted into crisp values. Fuzzy Analytic Hierarchy Process (FAHP) is a merger of the two methods, Fuzzy logic and the Analytic Hierarchy Process (AHP), which inherits the advantages of both and, therefore, addresses the above mentioned problems. The FAHP method is useful in identifying a suitable supplier and to evaluate its performance as demonstrated in the described case study. It can also be applied in any other selection or ranking problem. Finally, we introduce the Hybrid Fuzzy AHP, which can handle direct or pairwise, crisp or fuzzy evaluations.
Introduction
Suppliers are of tremendous importance to their clients. This importance is accentuated with the pressure to reduce the supply base (Ogden, 2006, Sarkar and Mohapatra, 2006) . Wrong supplier selection may lead to serious consequences. Hoecht and Trott (2006) listed several problems due to poor supplier and unhealthy buyer-supplier relationships. Recent surveys highlight the importance given to this process (Lieb and Bentz, 2005 , Lieb and Bentz, 2006 , Lieb and Butner, 2007 , and the analysis of criteria for selecting suppliers and measuring their performance has been the focus of many researchers. The multi-criteria nature of the problem was recognised very early by Dickson (1966) who sent a questionnaire to 273 purchasing agents and managers (selected from the membership list of the National Association of Purchasing Managers). The subjects were asked to rank 23 criteria. The most important criteria discovered were quality, on-time delivery, performance history and the warranty offered by their suppliers. In 1991, Weber et al. (1991) enumerated all papers published since 1966 according to the Dickson's criteria. The 23 criteria of Dickson still cover the majority of criteria presented in the 74 reviewed papers. Cheraghi et al. (2004) reviewed 110 papers from 1990 to 2001. In both studies, net price, delivery and quality are the most cited criteria. However, Cheraghi et al. (2004) 's work found several new criteria. The supplier selection process is therefore more than ever a multi-criteria decision problem and a complex one. This problem has been extensively studied in literature. Several papers have reviewed the techniques applied for this exercise (Aissaoui et al., 2007 , de Boer et al., 2001 , Ho, 2008 , El-Sawalhi et al., 2007 , Bruno et al., 2012 , Chai et al., 2013 . Among these, Analytic Hierarchy Process (AHP) has been the most widely used technique. A recent trend is to use fuzzy sets to take into account the uncertainties (Chai et al., 2013) and also to integrate it with AHP (Bruno et al., 2012) . As a consequence, a debate has arisen over the best method for selecting a supplier. Ordoobadi (2009) advocates Fuzzy logic, whereas Labib (2011) prefers AHP. Ordoobadi (2009) observes that a common characteristic of all selection methods is to produce a ranking based on two factors: the supplier performance on decision criteria and the relative weight of these criteria. Both factors may be subjective, especially for qualitative criteria, and therefore are specific to the decision-maker. Often, the evaluation process requires that the decision-maker express his/her preferences on a numeric scale. Several authors (Nakandala et al., 2013 , Ganga and Carpinetti, 2011 , Amindoust et al., 2012 , Altinoz, 2008 claim that the main problem in this elicitation is that the subjectivity and uncertainty associated with the perceptions are lost by forcing the decision maker into a numeric scale. Therefore, Ordoobadi (2009) proposes to use Fuzzy logic in order to express preferences in linguistic terms. Labib (2011) agrees with the importance of linguistic appreciations but he defends the use of AHP for three reasons:- The final ranking is equal to the unity.  A sensitivity analysis is possible.
 A measure of inconsistency of the user's preferences is available.
In this paper, we first review the two methods of Fuzzy Logic and AHP in Section 2. Section 3 describes Fuzzy AHP which combines Fuzzy logic with AHP and claims that the advantages of both methods are inherited. Section 4 then proposes the Hybrid Fuzzy AHP approach to evaluate performances of suppliers. Finally, the paper concludes with a summary and suggestions for future research.
Supplier selection

Introduction to the problem
The two main aspects of the supplier selection process are 1) the selection of criteria for taking decisions, and 2) choosing a method for ranking the available suppliers. This paper focuses on the second part where a method is chosen to rank the available options. In order to compare the ranking methods, our approach applies these methods to the same problem and [Post-print version] Please cite as: Alessio Ishizaka, Comparison of Fuzzy logic, AHP, FAHP and Hybrid Fuzzy AHP for new supplier selection and its performance analysis, International Journal of Integrated Supply Management, 9(1/2), 2014 3 then analyse their outputs. For this reason, we selected the case study that was first introduced by (Ordoobadi, 2009) and then reused by (Labib, 2011) for comparison.
A fictitious company XYZ Co is faced with the task to select a supplier from the three suppliers: A, B and C. The selection process will be based on the hierarchy of criteria defined in Figure 1 . The relative weights given to these criteria are provided on a linguistic performance scale (Table 1) and can be found in brackets in Figure 1 . The performance of each supplier in regards to each criterion is given in Table 3 using a linguistic performance  scale (Table 2) . These evaluations are often given by the procurement manager or procurement team in a consensual evaluation after site visits, interview of the considered suppliers and, sometimes, meeting with the previous customers of these suppliers. An example of such evaluation process is given in . The goal of this paper is not to collect such type of evaluation but to discuss how these evaluations can be analysed. Therefore, in order to have a fair comparison, we have reused the data of (Ordoobadi, 2009) and (Labib, 2011) . In order to convert the linguistic evaluation into a numeric scale, Ordoobadi (2009) uses Fuzzy logic and Labib (2011) prefers AHP. The next sections will detail both methods. [Post-print version] 
Fuzzy logic
Linguistic judgements may depict different levels of importance for different persons. Fuzzy logic is often used (Zadeh, 1965) to capture this variation in the level of importance,. The degree of membership is given by a membership function, which is usually depicted on two axis diagram. The horizontal axis represents the domain elements of the fuzzy sets and the vertical axis represents the degree of membership, where zero means non-membership and one implies full membership. The membership function can be formulated in different ways, for example, using linear, S-curves, triangular or trapezoidal representations. Figure 2 represents the membership functions of the linguistic importance scale, taken from (Ordoobadi, 2009 ).
Linguistic performance scale Fuzzy performance
Poor performance (P) (0, 0, 2, 4)
Good performance (G) (2, 4, 4, 6) Very good performance (VG) (4, 6, 6, 8) Excellent performance (EX) (6, 8, 10, 10) Using the suppliers' performance ratings (Table 3 ) and the fuzzy performance (Table 2) , we can construct the fuzzy supplier performances table (Table 4) . The fuzzy scores of the alternatives (second column of Table 5 ) are obtained by multiplying the fuzzy performances (Table 4) by the fuzzy importance weights w i in a weighted sum.
These fuzzy scores are defuzzified and converted to crisp scores by the centre of area method (or centroid):
(2) [Post-print version] Please cite as: Alessio Ishizaka, Comparison of Fuzzy logic, AHP, FAHP and Hybrid Fuzzy AHP for new supplier selection and its performance analysis, International Journal of Integrated Supply Management, 9(1/2), 2014 8 For example, the crisp score of supplier A is S a = (1.936 + 8.272 + 11.952 + 31.28)/4 = 13.36 (third column of Table 5 ).
Alternatives
Fuzzy scores Crisp scores Labib (2011) argued that 1) the summation of these crisp scores is not equal to unity (third column of Table 5 ), 2) sensitivity analysis cannot be performed, and 3) a consistency measure is not possible. We can see in Table 5 (fourth column) that the first argument is false: scores can be normalised to unity. The second argument is also incorrect: sensitivity analysis helps in understanding the causal relationship among criteria and final scores is possible, and even several types of sensitivity analysis exist (Thomaidis et al., 2006) . The analyst can experiment by changing:
Normalised crisp scores Rank
 the form of the membership functions (singleton, triangular, trapezoidal, non-linear Gaussian, asymmetric, etc.),  the position of the membership function,  the linguistic appreciation associated to a criteria or alternative.
For example, if we consider that the criteria "Reliability" receives the same weight as the criteria "Quality control rejection rate" (i.e. w 6 = w 1 ), then the supplier C becomes slightly better than supplier B (Table 6 ). The last criticism of Labib is correct. Because there is no redundancy in the evaluations, we cannot cross-check the consistency of the decision-maker.
Alternatives
Another problem of Fuzzy logic that was not mentioned by Labib is the distortion of parent node score with the introduction of a further hierarchy level. For example, in Figure 1 , the branch "Delivery" is split into "Delivery lead time" and "Flexibility". If the branches were stopped at this level, both criteria would receive the same score w 3 = (0.16, 0.36, 0.36, 0.64) [Post-print version] The dependency of the weights to the depth of the hierarchy and the consistency measure issue can be solved in AHP as explained in the next section.
AHP
AHP has been often used for supplier selection (Gaudenzi and Borghesi, 2006 , Ounnar and Pujo, 2005 , Meixell and Norbis, 2008 , Ishizaka, 2012 . As with the Fuzzy logic method, AHP also formulates the problem in a hierarchical structure (see Figure 1 for example). The main difference is the elicitation of relative weights (importance) of the criteria and performances of the alternatives through pairwise comparisons, which are collected in a comparison matrix A (Saaty, 1977 , Saaty, 1980 , Ishizaka and Labib, 2011 . The weights and performances (local priorities) are derived from this matrix A by using the Eigenvector method:
where A is the comparison matrix p is the priorities vector λ max is the maximal eigenvalue
The maximal eigenvalue is also use to calculate the consistency index:
where n = dimension of the matrix λ max = maximal eigenvalue If CR, the ratio of CI and RI (an average CI of 500 randomly filled matrices of same dimension), is less than 10%, then the evaluations of the decision maker can be considered as having an acceptable consistency.
where CR is the consistency ratio RI is the random index Saaty (1977) calculated the random indices given in Table 7 .
n 3 4 5 6 7 8 9 10 RI 0.58 0.9 1.12 1.24 1.32 1.41 1.45 1.49 Table 7 : Random indices [Post-print version] Please cite as: Alessio Ishizaka, Comparison of Fuzzy logic, AHP, FAHP and Hybrid Fuzzy AHP for new supplier selection and its performance analysis, International Journal of Integrated Supply Management, 9(1/2), 2014 In order to convert the linguistic scales (Table 1 and Table 2 ) into pairwise comparisons, Labib (2011) used the arbitrary mapping of Table 8 for the importance scale and Table 9 for the performance scale. By introducing the pairwise comparisons of Table 8 and Table 9 in the comparison matrices (e.g. Table 10 for the criteria) and using the formula (3), we calculate the weights and the local priorities. Figure 4 shows the criteria hierarchy in Expert Choice with the weights in brackets similarly as in Figure 1 . Finally, by multiplying the weights and the local priorities, we obtain the global priorities (Table 11 ).
Pairwise comparison of linguistic importance levels AHP evaluation [Post-print version -22, 2014 Figure 4: Criteria weights based on the case study of (Ordoobadi, 2009) 
in Expert Choice
Supplier Priority
Supplier A 0.277 Supplier B 0.407 Supplier C 0.316 Table 11 : Overall ranking of the suppliers AHP, unlike the Fuzzy logic method (section 2.2), has criteria weights which are independent from the depth of the hierarchy. This property holds because the sum of local siblings' weights on each level is always equal to 1. We use Figure 4 to illustrate this independence. The siblings' criteria "Delivery lead time" and "Flexibility" have the same local weight of 0.5. The criterion "Flexibility" is further subdivided into "Change in delivery date" and "Special request". The criterion "Delivery lead time" does not have any further branches. The leaf weights for the two sub-criteria are: The sum of the two sub-criteria weights is 0.111. This is equivalent to weight of the criterion "Delivery lead time" and the weight of its sibling "Flexibility": 0.222 · 0.5 = 0.111. This invariance of weights to the depth of the hierarchy holds because the sum of the local weights of the criteria "Change in delivery date" and "Special request" is equal to unity: 0.333 + 0.667 = 1. Therefore, in AHP, the addition of a hierarchical level does not alter the weights as in Fuzzy logic (recall Sub-section 2.2). Another advantage of AHP, mentioned by Labib (2011) , is the possibility to cross-check consistency with (4).
AHP assumes that the decision maker is able to provide exact assessments when comparing criteria and alternatives. However, due to uncertainty, incompleteness and subjectivity of the information, it is difficult to provide exact judgements. AHP, like other classical decisionmaking methods, has been criticised for simplifying the decision process by forcing the decision maker to express their view on crisp numeric scale (Van Laarhoven and Pedrycz, 1983 , Zheng et al., 2012 , Ho, 2012 , Piltan et al., 2012 . Verbal judgements may mean different level of importance for different persons. It is for this reason that different numeric scales have been proposed to convert the verbal appreciations (Ishizaka et al., 2006) but this still leave the decision maker with the unsolved problem of the choice of the correct numeric scale. In the next section, we will show how the advantages of both presented methods are merged in the Fuzzy AHP.
Fuzzy AHP
This approach was introduced by Laarhoven and Pedrycz (1983) . The Fuzzy AHP method is identical to the traditional AHP (section 2.3) at the exception of the conversion of the verbal appreciation into the numeric scale (He et al., 2012) . The procedure is based the following steps:
a) Develop a hierarchical structure
This step is identical to the two previous methods (Figure 1 ).
b) Define the Fuzzy judgments
In order to capture vagueness, imprecision and uncertainty of the linguistic scale, Table 8 and Table 9 are converted into fuzzy numbers.
The ratio of two fuzzy numbers Ã 1 = (l 1 , m l1 , m u1 , u 1 ) and Ã 2 = (l 2 , m l2 , m u2 , u 2 ) is given by:
(l 1 , m l1 , m u1 , u 1 )/ (l 2 , m l2 , m u2 , u 2 ) = (min(l 1 / u 2 , u 1 / l 2 ), min(m l1 /m u2 , m u1 /m l2 ), max (m l1 /m u2 , m u1 /m l2 ), max (l 1 / u 2 , u 1 / l 2 )) By using the fuzzy numbers of Table 1 and Table 2 , we obtain the ratios given in Table 12 and Table 13 . In order to respect the 1-9 Saaty scale, a division by 0 implying an infinite number is replaced by the value 9 (maximum in the Saaty scale) and results below 1 are replaced by 1 (the minimum in the Saaty scale). EX/P (1.5, 5, 9, 9) VG/G (1, 1.5, 1.5, 4) VG/P (1, 3, 9, 9) G/P (1, 2, 9, 9) 
c) Fuzzy weights
The criteria have received a linguistic evaluation (Figure 1 ). This linguistic evaluation is transformed into a pairwise comparison (Table 12 ) and inserted into the comparison matrix (Table 14) . For example, in Table 14 , four matrices can be constructed with the corresponding low (Table 15) , modal-low (Table 16) , modal-upper (Table 17 ) and upper (Table 18 ) values and for each of them the criteria weights (Table 19 ) can be calculated with the Eigenvector method (3). [Post-print version] The same process is applied to calculate the sub-criteria. As Expert Choice, a software application for AHP, was not built especially for Fuzzy AHP, four hierarchies must be constructed separately. They have the same criteria and alternatives but different evaluations reflecting the four edge points of the membership function Ã ( Figure 5 , Figure  6 , Figure 7 and Figure 8 ). In brackets, you can read the weights for each criteria and subcriteria. (Table 3) are pairwise compared (Table 13 ) and entered in a [Post-print version] Please cite as: Alessio Ishizaka, Comparison of Fuzzy logic, AHP, FAHP and Hybrid Fuzzy AHP for new supplier selection and its performance analysis, International Journal of Integrated Supply Management, 9(1/2), 2014 comparison matrix for each criterion. Then, they are separated in four matrices corresponding to low, modal-low, modal-upper and upper points of the membership function. The local priorities (Table 20) The consistency ratio for each hierarchy is calculated with (5). In our case, the consistency ratios for each model are: 0 (for the lower values hierarchy), 0 (for the modal-lower values hierarchy), 0 (for the modal-upper values hierarchy), 0.03 (for the upper values hierarchy).
e) Overall priorities and defuzzification
The local priorities (Table 20) Table 21 ). The transformation of the fuzzy priorities into a crisp priority is calculated with (2) (third column of Table 21 ). It can been seen from Table 21 that supplier B is the best performing supplier based on the evaluation criteria and the decision maker's perception of the suppliers' performances with respect to these criteria. It is also interesting to see that the supplier C has a slightly higher priority value (0.336) than supplier B (0.333) on the first fuzzy edge point. However, Supplier B scores clearly much higher in the other three fuzzy priority edge points. A sensitivity analysis can be performed to test if the results are robust. This exercise is more intensive than in the normal AHP because four sensitivity analyses corresponding to the four hierarchies may be needed.
Alternatives
Performance analysis
Introduction
Once the suppliers selected, their performance needs to be monitored (Shen et al., 2013 , Aksoy and Öztürk, 2011 , Sarkar and Mohapatra, 2006 . The performance criteria can either be measured directly (quantitatively), or through pairwise (qualitatively) evaluations with crisp or fuzzy values, as in the form of a mean performance and its variance. For example in Table 22 , we have three type of data:
 The percentage of customer reject rate, the percentage of quality control reject rate, the number of change in delivery date and the number of special requests are given by a monthly average and variance. They are fuzzy direct values.
 Reliability, Access and understanding are evaluated on a verbal scale. They are fuzzy qualitative evaluations.
 Purchase price and logistics costs are given with crisps direct values. 
Selection criteria
Hybrid Fuzzy AHP
The first step is to map the criteria described by mean and variance of Table 22 into fuzzy numbers. A performance depicted by mean and variance has actually three points, which correspond to a triangular or a degenerate trapezoidal (i.e. modal-low = modal-upper) membership function. Please note that all the following criteria need to be minimized: customer reject rate, the quality control reject rate, the delivery lead time, the change in delivery date, the purchase price and the logistics costs. Therefore, their performance measures need to be inverted. The complement to 100% has been calculated for the first two criteria. For example, the customer reject rate has a mean and variance of 3 ± 0.5, which corresponds to the three points (2.5, 3, 3.5) or the four points (2.5, 3, 3, 3.5) . As the criterion is to minimise, we take the complement to 100, which gives the values (96.5, 97, 97, 97.5) and they are then divided by 10 to be converted in a 0-10 scale (Table 23) . As delivery date, special requests, purchase price and logistics costs have also to be minimised, their complement to 10 (the highest tolerable value defined by the management) has been adopted.
Selection criteria Supplier A Supplier B Supplier C
Customer reject rate (9.65, 9.7, 9.7, 9.75) (8.8, 9, 9, 9.2) (7.7, 8, 8, 8.3) Quality control reject rate (8.8, 9, 9, 9.2) (8.9, 9, 9, 9.1) (8.2, 8.5, 8.5, 8.8) Delivery lead time (4, 4.5, 4.5, 5) (7.7, 8, 8, 8.3) (7.5, 7.8, 7.8, 8.1) Change in delivery date (8.9, 9, 9, 9.1) (2.2, 3, 3, 3.8) (7.7, 8.2, 8.2, 8.5) Special requests (6.5, 7, 7, 7.5) (1, 2, 2, 3) (7.7, 8, 8, 8. The linguistic performance scale for a trepezoidal membership function is given in Table 2 and their pairwise comparison in Table 13 . As we have a trapezoidal membership function, four hierarchies corresponding to the low, modal-low, modal-upper and upper points are built. The criteria weights are identical to the previous model ( Figure 5 , Figure 6 , Figure 7 and Figure 8 ). Only the performances of reliability, access and understanding are pairwise compared (Table 9 ) in a matrix. The local priorities are then calculated with the Eigenvector method (3). As the performances of all other criteria were directly measured, their local priorities are therefore exactly known. We simply need to normalise the performance of these criteria. For example, for the low point of customer reject rate in Table 23 , we need to calculate the total sum: 9.65 + 8.8 + 7.7 = 26.15. The normalised value, which corresponds to the local priorities, are for supplier A 9.65/26.15 = 0.369; for supplier B 8.8/26.15=0.337; for supplier C 7.7/26.15 = 0.294. The local priorities (Table 24) Table 25 ). The crisp value (third column in 
Discussion
In this paper, we have discussed a supplier selection problem using Fuzzy logic and AHP and their following performance analysis. The presented evaluation techniques are generic and can be applied to other problems without modification. Alternatives are often measured on several criteria that are qualitative. In this case, it must be ensured that decision-makers do not have any vested interests, otherwise decisions will become biased. Experiments (Whitaker, 2007 , Millet, 1997 have proven that qualitative evaluations are more precise when elicited through pairwise comparisons, as compared to the use of direct evaluations. AHP is therefore preferable when qualitative judgements are involved. Moreover, pairwise comparisons provide a possibility of analysing consistency in the provided judgements. However, it is sometimes impossible to provide an exact judgement because of the complexity, vagueness and uncertainty of the problem. For example, the decision-maker may prefer to give an evaluation between 4 and 6 instead of using exact number 5. Fuzzy numbers are the way to incorporate this imprecision. By combining both methods, Fuzzy AHP will gain the advantage of both techniques.
In some cases, criteria can be directly (quantitatively) measured. They can be crisps values or fuzzy in the sense of mean and variance. In this case, there is no need to do pairwise comparisons as their scores are exactly known. These values can be directly used to calculate the global score with its crisp or fuzzy nature.
When quantitative and qualitative, crisps and fuzzy criteria are combined; a Hybrid Fuzzy AHP can also be used. This will inherit all strengths of the two previous methods; however, this will also introduce some well-known problems of AHP:
-The judgement scale is limited, for example in the classic AHP to 9 (Donegan et al., 1992 ).
-The rank reversal problem (Belton and Gear, 1983) has been much debated but never fully resolved, see a review in (Ishizaka and Labib, 2009, Saaty, 2001 ).
-The consistency check has been criticized because it allows contradictory judgements in matrices (Kwiesielewicz and van Uden, 2004, Bana e Costa and Vansnick, 2008) or rejects reasonable matrices (Karapetrovic and Rosenbloom, 1999) .
Conclusion
In order to take full advantage of an outsourcing process, selecting the best supplier is the first key step. Two approaches have been recently debated for this exercise. Ordoobadi (2009) has pointed out that linguistics evaluations are difficult to translate into numeric scales because of their vagueness, imprecision and uncertainty. Therefore, he advocates the use of Fuzzy logic. Later, Labib (2011) defends the view that AHP is superior because it allows consistency analysis, normalizing scores to sum to unity, and the ability to perform sensitivity analysis. In this paper, we have shown that scores generated through Fuzzy Logic can also be normalised to one, and sensitivity analysis can also be performed. However, we have found another significant problem in Fuzzy logic: weight of a node depends on level of decomposition. [Post-print version] Please cite as: Alessio Ishizaka, Comparison of Fuzzy logic, AHP, FAHP and Hybrid Fuzzy AHP for new supplier selection and its performance analysis, International Journal of Integrated Supply Management, 9(1/2), 2014 21 AHP has some drawbacks as well: it lacks the possible benefits of handling vagueness in judgements during the conversion of verbal scales into a numeric scale. In this paper, we first used Fuzzy AHP in order to capture the benefits of both methods. It offers a fuzzy conversion of the verbal scale into a numeric one and also offers a consistency analysis. As with the other two methods, it has the capability to perform sensitivity analysis which enables an understanding of the casual relationships between the criteria weights and the ranking of alternatives. The global scores can also be normalised to unity as in the others methods. Finally, we have introduced the Hybrid Fuzzy AHP, which allow integrating fuzzy or crisps, qualitative and quantitative values, whilst keeping all the benefits of AHP and fuzzy logic. However, some of the criticisms on AHP still need to be addressed.
A further area of development is the implementation of the proposed method into computer software application. It would allow an automatic fuzzy and AHP calculation, without using four models as in Expert Choice. This software would provide easy access of decision makers to the Fuzzy Analytic Hierarchy Process and contribute to propagating the method for taking better decisions.
